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APPROXIMATION OF FUNCTION ASSOCIATED
WITH HARDY-LITTLEWOOD SERIES IN THE
HOLDER METRIC BY MEAN

Sanjay Mukherjee,Dr A J Khan

Abstract— In the present paper we have studied the degree of approximation of a function associated with Hardy-Littlewood
series using S, a n] mean. Our result is analogous to the result obtained by U.K.Srivastava and C.].Rathore [5].

Index Terms— Banach space, Hardy-Littlewood series, Holder metric ,Fourier series.

1 INTRODUCTION

1. Definition

Let Cp, denotes the Banach space of all periodic continuous functions defined on [-r,x] under sup norm. For

0<a<1 and positive constant K. The function space is given b o
Ha=}{f€C2;; f(x)- f(y)<K|x-y| } (1.1)

The space H ,, is a Banach space with the norm ” ”a defined by

I, =, = supia® 1 (x y)]

where "f”C: sup |f(X] and Xy
—T<XS7w

A% T Y)=[T)-Ty)x=yF  x=y (13)

We shall use the convention that
A% f(x,y)=

The metric induced by norm (1.2) on H ,, is called Holder metric.

Let f be a periodic function of period 2n and integrable in the Lebesgue sense over [-n,x].Let the Fourier series asso-
ciated with f at x be

ag 2 ) o0
ot S(apcosnx+bpsinnx)= 3 Ap(x) (1.4)
2 a1 n=0

Let us write

{f(x+u)+ f(x—u)-2f(x)} (1.5)
A

¢x(u):
2 )= [

Let S n and S j] res ectlvely denotenthe partlal sym a
Z

‘%NH

) cot ¥ dw (1.6)
mbdifiekd partial sum of (1.4).

e S B T A Al
It is known [6] that ( )Sln nu
Sp*(0)-f(x)=2 —lo —ud“ (1.7)

For the first time Meir and Sharma [3] introduced generalization of the S, m%thod and called it [S o4 n] method.
They obtained sufficient condition for the regularity of this method. They also examined the behavior of its Lebesgue con-
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stant.
Let 2 J} be a given sequence of real complex numbers. We shall say that {a ]} is the [S Y n] transformations of {S ]} ; l.e.
the sequence of partial sum of the series . vy if

lon)= chksk (n=0,1,2,3,...) 18)
Converges, where (C nk) is given by the identity 1k#P; i "
1.0 ZC nk & (1.9
The sequence {S J} is said to be [S a n] summable to o if aj k=0
limgp=0
n—oo

Let f(x) €L (0, 2m) and be periodic with period 2r outside this range. Let the Fourier series associated with the func-

tion be

%+ 5 anCosNX +ppsin nx) %O:An (1.10)

and as usual we denote n=0 1 n=
#0)=9x(0)= 1 )+ Flx=t) -2 () (1.11)

Also A j
V =1h2 qi.~ (1.12)
Th=2 Z o1 (1.13)
1‘[—[& it 2e integral part of T , (1.14)

2. Introduction

© Sp
I —— 21)
denotes Hardy-Littlewood series or in short HL- series. n=1 n
Hardy and Littlewood([2]) have shown that (2.1) is summable (C,1) to the value

%Jé’{ [;z jcot——log[ZSln j by (u) du
J N0 () cot 2.2)

whenever integral

exists. Further from [2] and [6] if t
Io‘¢(u Jdu=ot) ast—0* 23)
Then (2.1) converges if and only if (2.2) exists. The relation of HL- series with the integral (2.2) similar to those between the
conjugate series Y B X(X) and the integral W (u)
j” X—du (2.4)

where ()= = {f (x-+u) - f(x-u)} .
It is known 3hat if f e L[— 7, 7w [then (2.4) exists almost everywhere. On the other hand there exists a continuous func-
tion f for which the integral (2.2) diverges for almost all x [1]. At this stage we remark that the above results on HL- series

remain unaltered if we replace the HL-series by Co . %O: S n* (X)— f (X) 25
where Cp=— I ( ) cot L du 2 na n

The seri®s (2. 5) is stmmaAble (G, 1) to the value ( )

Jg U cot~

whenever this integral exists. Thus convergence or summab1h?y pr@blem of (2.5) is same as HL-series.

Let T (X) denote the n-th partial sum of the series (2.5) C n g * (u)_ f (X)

ieT n(x)=70+ nf (2.6)
k=1

3. Theorems

Das ([1]) has studied the degree of approximation of the series (2.5) by Euler’s mean and proved the following
theorem.

IJSER © 2018
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research Volume 9, Issue 6, June-2018

ISSN 2229-5518

Theoreml- If 0<B<a<l and f e H , then

{1+
where N= M and Eﬁ (T , X) is the Euler’s transf
n

Theorem 2-

where g, (f )is [F, dn] transformation of T

\Er?(T)—x(N)\y_:o(nﬁ—mogn)l 1)

rmation of T (X
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3.1)

U.K.Shrivastava and C.J.Rathore[5] extend the above result by proving following approximation result for [F,
dn] transform. The theorem is as follows

If 0<p<a<l and f e H , then
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For any questions about initial or final submission require-
ments, please contact one of our staff members. Contact in-
formation can be found at: http://www.ijser.org.

3 SECTIONS

As demonstrated in this document, the numbering for sections
upper case Arabic numerals, then upper case Arabic numerals,
separated by periods. Initial paragraphs after the section title
are not indented. Only the initial, introductory paragraph has
a drop cap.

4 CITATIONS

IJSER style is to not citations in individual brackets, followed
by a comma, e.g. “[1], [5]” (as opposed to the more common
“[1, 5]” form.) Citation ranges should be formatted as follows:
[1], [2], [3], [4] (as opposed to [1]-[4], which is not IJSER style).
When citing a section in a book, please give the relevant page
numbers [2]. In sentences, refer simply to the reference number, as
in [3]. Do not use “Ref. [3]” or “reference [3]” At the beginning of a
sentence use the author names instead of “Reference [3],” e.g.,
“Smith and Smith [3] show ... .” Please note that references will
be formatted by IJSER production staff in the same order pro-
vided by the author.

5 EQUATIONS

If you are using Word, use either the Microsoft Equation Edi-
tor or the MathType add-on (http://www.mathtype.com) for
equations in your paper (Insert | Object | Create New | Mi-
crosoft Equation or MathType Equation). “Float over text”
should not be selected.

Number equations consecutively with equation numbers in
parentheses flush with the right margin, as in (1). First, use the
equation editor to create the equation. Then, select the “Equa-
tion” markup style. Press the tab key and write the equation
number in parentheses. To make your equations more com-
pact, you may use the solidus ( / ), the exp function, or appro-
priate exponents. Use parentheses to avoid ambiguities in de-
nominators. Punctuate equations when they are part of a sen-
tence, as in

[7 F(rp)drde=[on/(2u)]

-I: exp(—4| Z; =1 |)ﬂ:l J,(41) Jy(Ar)dA.

(1)

Be sure that the symbols in your equation have been de-
fined before the equation appears or immediately following.
Italicize symbols (T might refer to temperature, but T is the
unit tesla). Per IJSER, please refer to “(1),” not “Eq. (1)” or
“equation (1),” except at the beginning of a sentence: “Equa-
tion (1) shows ... .” Also see The Handbook of Writing for the
Mathematical Sciences, 1993. Published by the Society for Indus-
trial and Applied Mathematics, this handbook provides some
helpful information about math typography and other stylistic
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matters. For further information about typesetting mathemati-
cal equations, please visit the IJSER styel guide:
http://www.ijser.org.

Please note that math equations might need to be reformatted
from the original submission for page layout reasons. This in-
cludes the possibility that some in-line equations will be made
display equations to create better flow in a paragraph. If display
equations do not fit in the two-column format, they will also be
reformatted. Authors are strongly encouraged to ensure that
equations fit in the given column width.

6 HELPFUL HINTS

6.1 Figures and Tables

Because IJSER staff will do the final formatting of your paper,
some figures may have to be moved from where they ap-
peared in the original submission. Figures and tables should
be sized as they are to appear in print. Figures or tables not
correctly sized will be returned to the author for reformatting.

Detailed information about the creation and submission of
images for articles can be found at: http://www.ijser.org. We
strongly encourage authors to carefully review the material
posted here to avoid problems with incorrect files or poorly
formatted graphics.

Place figure captions below the figures; place table titles
above the tables. If your figure has two parts, include the la-
bels “(a)” and “(b)” as part of the artwork. Please verify that
the figures and tables you mention in the text actually exist.
Figures and tables should be called out in the order they are to
appear in the paper. For example, avoid referring to figure “8”
in the first paragraph of the article unless figure 8 will again be
referred to after the reference to figure 7. Please do not in-
clude figure captions as part of the figure. Do not put cap-
tions in “text boxes” linked to the figures. Do not put bor-
ders around the outside of your figures. Per IJSER, please use
the abbreviation “Fig.” even at the beginning of a sentence. Do
not abbreviate “Table.” Tables are numbered numerically.

Figures may only appear in color for certain journals.
Please verify with IJSER that the journal you are submitting to
does indeed accept color before submitting final materials. Do
not use color unless it is necessary for the proper interpreta-
tion of your figures.

Figures (graphs, charts, drawing or tables) should be named
figl.eps, fig2.ps, etc. If your figure has multiple parts, please
submit as a single figure. Please do not give them descriptive
names. Author photograph files should be named after the au-
thor’s LAST name. Please avoid naming files with the author’s
first name or an abbreviated version of either name to avoid
confusion. If a graphic is to appear in print as black and white, it
should be saved and submitted as a black and white file
(grayscale or bitmap.) If a graphic is to appear in color, it should
be submitted as an RGB color file.

IJSER © 2018
http://www.ijser.org


http://www.ijser.org/
http://www.ijser.org/
http://www.ijser.org/
http://www.ijser.org/

International Journal of Scientific & Engineering Research Volume 9, Issue 6, June-2018

ISSN 2229-5518

16 r r
14 | o Y
—_ . ®
E 12| o i
g .
< 10f oo .
ped *
‘(—v‘ 8 = ° [ ] -
LN . |
s 4 ° 1
S °
2 e ]
4
O L L L L
0 1 2 3 4 5
Applied Field (104 A/m)
Fig. 1. Magnetization as a function of applied field. Note that
“Fig.” is abbreviated. There is a period after the figure number,
followed by one space. It is good practice to briefly explain the
significance of the figure in the caption.

Figure axis labels are often a source of confusion. Use
words rather than symbols. As an example, write the quantity
“Magnetization,” or “Magnetization M,” not just “M.” Put
units in parentheses. Do not label axes only with units. As in
Fig. 1, for example, write “Magnetization (A/m)” or “Magnet-
ization (A-m™),” not just “A/m.” Do not label axes with a
ratio of quantities and units. For example, write “Temperature
(K),” not “Temperature/K.” Table 1 shows some examples of
units of measure.

Multipliers can be especially confusing. Write “Magnetiza-
tion (kA/m)” or “Magnetization (103 A/m).” Do not write
“Magnetization (A/m) x 1,000” because the reader would not
know whether the top axis label in Fig. 1 meant 16,000 A/m or
0.016 A/m. Figure labels should be legible, approximately 8 to
12 point type. When creating your graphics, especially in com-
plex graphs and charts, please ensure that line weights are thick
enough that when reproduced at print size, they will still be
legible. We suggest at least 1 point.

6.3 Footnotes

Number footnotes separately in superscripts (Insert | Footnote)™.
Place the actual footnote at the bottom of the column in which it
is cited; do not put footnotes in the reference list (endnotes). Use
letters for table footnotes (see Table 1). Please do not include foot-
notes in the abstract and avoid using a footnote in the first col-
umn of the article. This will cause it to appear of the affiliation

It is recommended that footnotes be avoided (except for the unnumbered
footnote with the receipt date on the first page). Instead, try to integrate the
footnote information into the text.
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TABLE 1
UNITS FOR MAGENTIC PROPERTIES

Conversion from Gaussian and

Symbol Quantity CGS EMU to SI *

@ magnetic flux I1Mx = 10*Wb=10"% Vs

B magnetic flux density, 1 G — 10 T = 10 Wb/m?

magnetic induction

H magnetic field strength 1 Oe — 10%/(4mw) A/m

m magnetic moment lerg/G=1emu
—107° Am* =107 J/T

M magnetization 1 erg/(G-cm®) = 1 emu/cm®
— 10 A/m

4 magnetization 1 G — 10*/(4m) A/m

o specific magnetization 1 erg/(G-g) = 1 emu/g — 1 A-m’/kg

J magnetic dipole lerg/G=1emu

moment —4nx 107" Wb-m

J magnetic polarization 1 erg/(G-cm®) = 1 emu/cm®
—4nrx 107 T

X K susceptibility 1 —4rn

Xo mass susceptibility 1 cm*/g — 4r x 107 m¥/kg

u permeability 1 —4mx 107 H/m
=41 x 107 Wb/(A-m)

Me relative permeability W= W,

w, W energy density 1 erg/em® — 107 J/m?

N, D demagnetizing factor 1 — 1/(4m)

Statements that serve as captions for the entire table do not need footnote letters.
aGaussian units are the same as cgs emu for magnetostatics; Mx = maxwell,
G = gauss, Oe = oersted; Wb = weber, V = volt, s = second, T = tesla, m =
meter, A = ampere, | = joule, kg = kilogram, H = henry.

box, making the layout look confusing.

6.4 Lists

The IJSER style is to create displayed lists if the number of
items in the list is longer than three. For example, within the
text lists would appear 1) using a number, 2) followed by a
close parenthesis. However, longer lists will be formatted so
that:

1. Items will be set outside of the paragraphs.

2. Ttems will be punctuated as sentences where it is ap-

propriate.
3. Items will be numbered, followed by a period.

6.5 Theorems and Proofs

Theorems and related structures, such as axioms corollaries, and

lemmas, are formatted using a hanging indent paragraph. They

begin with a title and are followed by the text, in italics.

Theorem 1. Theorems, corollaries, lemmas, and related structures
follow this format. They do not need to be numbered, but are gen-
erally numbered sequentially.

Proofs are formatted using the same hanging indent format.
However, they are not italicized.

Proof. The same format should be used for structures such as
remarks, examples, and solutions (though these would not
have a Q.E.D. box at the end as a proof does).

7 END SECTIONS

7.1 Appendices

Appendixes, if needed, appear before the acknowledgment. In
the event multiple appendices are required, they will be labeled
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“Appendix A,” “Appendix B, “ etc. If an article does not meet
submission length requirements, authors are strongly encouraged
to make their appendices supplemental material.

IJSER Transactions accepts supplemental materials for review
with regular paper submissions. These materials may be
published on our Digital Library with the electronic version of the
paper and are available for free to Digital Library visitors. Please
see our guidelines below for file specifications and information.
Any submitted materials that do not follow these specifications
will not be accepted. All materials must follow US copyright
guidelines and may not include material previously copyrighted
by another author, organization or company. More information
can be found at http:/ /www ijjser.org.

7.2 Acknowledgments

The preferred spelling of the word “acknowledgment” in
American English is without an “e” after the “g.” Use the sin-
gular heading even if you have many acknowledgments.
Avoid expressions such as “One of us (5.B.A.) would like to
thank ... .” Instead, write “F. A. Author thanks ... .” Sponsor
and financial support acknowledgments are included in the
acknowledgment section. For example: This work was sup-
ported in part by the US Department of Commerce under
Grant BS123456 (sponsor and financial support acknowledg-
ment goes here). Researchers that contributed information or
assistance to the article should also be acknowledged in this
section.

7.3 References

Unfortunately, the Computer Society document translator
cannot handle automatic endnotes in Word; therefore, type the
reference list at the end of the paper using the “References”
style. See the IJSER’s style for reference formatting at:
http://www.ijser.org

transref.htm. The order in which the references are submitted
in the manuscript is the order they will appear in the final pa-
per, i.e., references submitted nonalphabetized will remain
that way.

Please note that the references at the end of this document
are in the preferred referencing style. Within the text, use “et
al.” when referencing a source with more than three authors.
In the reference section, give all authors” names; do not use “et
al.” Do not place a space between an authors' initials. Papers
that have not been published should be cited as “un-
published” [4]. Papers that have been submitted or accepted
for publication should be cited as “submitted for publication”
[5]. Please give affiliations and addresses for personal com-
munications [6].

Capitalize all the words in a paper title. For papers published in
translation journals, please give the English citation first, followed
by the original foreign-language citation [7].

7.3 Additional Formatting and Style Resources
Additional information on formatting and style issues can be
obtained in the IJSER Style Guide, which is posted online at:
http://imwww.ijser.org/. Click on the appropriate topic under the
Special Sections link.
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4 CONCLUSION

Although a conclusion may review the main points of the pa-
per, do not replicate the abstract as the conclusion. A conclu-
sion might elaborate on the importance of the work or suggest
applications and extensions. Authors are strongly encouraged
not to call out multiple figures or tables in the conclusion—
these should be referenced in the body of the paper.
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